
MAT 502 – Review Sheet 
 

The problems included are meant to illustrate the main concepts of MAT 502 and do not 

constitute an exhaustive problem set for the comprehensive exam. 

 

Euclidean Geometry 
 

1. Let P be a regular polygon with n sides inscribed in a circle of radius 1, and let Q 

be a regular polygon with 2n sides inscribed in a circle of radius 1.  Suppose that 

the length of each side of P is S.  Prove that the length of each side of Q is 

2 - 4 - S2  and apply this formula to find the perimeter of a regular 24-gon 

inscribed in a circle of radius 1 and use this to estimate a value for π. 

 

2. Prove that 2 + 3  is irrational.  (Hint: Show its square is irrational.) 

 

3. Prove that every integer greater than 2 appears in some Pythagorean triple (not 

necessarily primitive). 

 

4. Prove there are 5 regular polyhedra. 

 

5. The surface of a soccer ball has 12 pentagons, 20 hexagons, and 90 seams.  How 

many vertices are there? 

 

6. Prove the Pythagorean theorem in two substantively different ways. 

  



Absolute and Non-Euclidean Geometries 
 

1. Consider the Axiom System with the undefined terms girl, boy, and kiss. 

 

Axiom 1 – There are exactly three girls. 

Axiom 2 – There are exactly three boys. 

Axiom 3 – Each girl kisses exactly two boys. 

Axiom 4 – No two girls kiss exactly the same boys. 

Axiom 5 – Each boy is kissed by at least one girl. 

 

Prove: 

a. The axiom system is consistent. 

b. Axiom 4 is independent. 

c. Axiom 5 is dependent. 

 

2. State Euclid’s Fifth Postulate and five additional statements that are equivalent to 

it.  And prove that any two are equivalent to each other. 

 

3. Using only absolute geometry, prove that the sum of the interior angles of a 

triangle is less than or equal to 180˚. 

 

4. Using only absolute geometry, prove that the two statements are equivalent: 

All triangles have interior angle sums of 180˚. 

All right triangles have interior angle sums of 180˚. 

 

5. In Euclidean geometry, we use the formula d = Dx( )
2
+ Dy( )

2
 to measure 

distance.  In Taxicab geometry, we use d = Dx + Dy  and in Chessboard 

geometry we use d = max Dx , Dy( ) to measure distance.  Prove that Taxicab 

geometry and Chessboard geometry are each non-Euclidean. 

 

6. Consider the 90˚-90˚-D˚ triangles from spherical geometry.  Find a formula for 

the area of such a triangle. 

 

7. List the modifications needed to Euclid I – IV if we adopt the alternative to 

Euclid V from spherical geometry – “Each pair of lines intersects at two points.” 

 

Euclid I: There exists exactly one straight line from any point to any point. 

Euclid II: It is possible to produce a finite straight line continuously in a 

straight line. 

Euclid III: It is possible to describe a circle with any center and any radius. 

Euclid IV: All right angles are congruent. 

  



Number Theory 
 

1. Prove there are an infinite number of prime numbers of the form p = 6n + 1. 

 

2. Prove 2n  is deficient for all natural numbers n. 

 

3. Prove that 2 p-1 2p -1( )  is perfect if 2 p -1 is prime. 

 

4. Prove that 223 -1 is composite by giving an explicit divisor. 

 

5. Prove that if n is composite, then 2n -1 is also composite. 

 

6. Write gcd(105, 88) as a linear combination of 105 and 88. 

 

7. Solve 32x + 27y = 21 for integers x and y. 

  



Cryptology 
 

1. What is the least positive residue of 2322 mod41 

 

2. What are the last two digits of 1367
. 

 

3. Suppose I want to send you a one or two digit number x less than 20.  Select 

numbers p, q, N, and calculate M needed to encrypt and decrypt x by the RSA 

method.  Then use those numbers to encrypt and decrypt the number 16. 

 

4. Using pq = 899 and M= 17, encrypt the number 99 by the RSA method.  Then 

calculate the secret key N used to decrypt the message you just encrypted. 


